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Abstract 

The paper considers the integration theory for G-Levy processes with finite activity. 
We introduce the Ito-Levy integrals, give the Ito formula for them and establish SDE's, 
BSDE's and decoupled FBSDE's driven by G-Levy processes. In order to develop such 
a theory, we prove two key results: the representation of the sublinear expectation as- 
sociated with a G-Levy process and a characterization of random variables in L p G (Vl) in 
terms of their quasi-continuity. 
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1. Introduction 

In recent years much effort has been made to develop the theory of sublinear ex- 
pectations connected with the volatility uncertainty and so-called G-Brownian motion. 
G-Brownian motion was introduced by Shige Peng in [8| as a way to incorporate the 
unknown volatility into financial models. Its theory is tightly associated with the uncer- 
tainty problems involving an undominated family of probability measures. Soon other 
connections have been discovered, not only in the field of financial mathematics, but 
also in the theory of path-dependent PDE's or 2BSDE's. Thus G-Brownian motion and 
connected G-expectation are very attractive mathematical objects. 

Returning however to the original problem of volatility uncertainty in the financial 
models, one feels that G-Brownian motion is not sufficient to model the financial world, 
as both G- and the standard Brownian motion share the same property, which makes 
them often unsuitable for modelling, namely the continuity of paths. Therefore, it is not 
surprising that Hu and Peng introduced the process with jumps, which they called G-Levy 
process (see Unfortunately, the theory of G-Levy processes is still very undeveloped, 
especially compared G-Brownian motion. The follow-up has been limited to the paper 
by Ren ([Hj]), which introduces the representation of the sublinear expectation as an 
upper-expectation. 
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In this paper we concentrate on establishing the integration theory for G-Levy pro- 
cesses with finite activity. We introduce the integral w.r.t. the jump measure associated 
with the pure jump G-Levy process (Section [SJ, give the ltd formula for general G- 
Ito-Levy processes (Section [5]) and we look at different typed of differential equations: 
both forward and backward (Section [7]). The crucial piece of theory needed to obtain 
those results is the representation of the sublinear expectations, given in Section [21 The 
representation theorem, though inspired by the already quoted paper by Ren, also dif- 
fers substantially, as we give the real representation of sublinear expectation connected 
with an arbitrary G-Levy process with finite activity, whereas in the paper by Ren the 
opposite was shown: that the upper-expectation of the appropriate form induces some 
G-Levy process. Another big difference in our approach is that we use different filtration 
(or rather the family of nitrations) for the sake of the proofs in the second part of this 
paper. Another result worth mentioning, is the complete characterization of the space 
Lq(Q) in terms of (quasi)-continuity (Section 0} . 

2. Preliminaries 

Let fl be a given space and H be a vector lattice of real functions defined on f2, i.e. 
a linear space containing 1 such that IeH implies \X\ £ H- We will treat elements of 
% as random variables. 

Definition 1. A sublinear expectation E is a functional E: % — > K satisfying the fol- 
lowing properties 

1. Monotonicity: If X,Y eM and X >Y then E[X] > E[Y}. 

2. Constant preserving: For all c el we have E[c] = c. 

3. Sub-additivity: For all X,Y e H we have ELY] - E[Y] < E[X - Y). 

4. Positive homogeneity: For all X e H we have E[XX] = XE[X], VA > 0. 

The triple (f2,"H,E) is called a sublinear expectation space. 

We will consider a space H. of random variables having the following property: if 
Xi e %, i = l,...n then 

where G^l^R") is the space of all bounded Lipschitz continuous functions on W l . We 
will express the notions of a distribution and an independence of the random vectors 
using test functions in Gf, i Li P (K™)- 

Definition 2. For an n- dimensional random vector X = (Xi, . . . ,X n ) define the func- 
tional Wx on Cb,Lip(^- n ) as 

V x [ct>]:=E[ct>{X% 4eC bMp (R n )- 

We will call the functional Wx the distribution of X . We say that two n-dimensional 
random vectors X\ and Xi (defined possibly on different sublinear expectation spaces) 
are identically distributed, if their distributions ¥x t and Ex 2 are equal. 

An m-dimensional random vector Y = (Y\, . . . , Y m ) is said to be independent of an 
n-dimensional random vector X — [X\, . . . , X n ) if 

E[<ftX, Y)] - E[E[^(x, Y)] x=x }. G C bMp (R n x R m ). 
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Now we give the definition of G-Levy process (after [|). 

Definition 3. Let X = (X t )t>o be a d-dimensional cadldg process on a sublinear expec- 
tation space (fi,"H,E). We say that X is a Levy process if: 

1. X = 0, 

2. for each t, s > the increment X t + S — X t is independent of (X tl , . . . , X tn ) for every 
n £ N and every partition < t\ < . . . < t n < t, 

3. the distribution of the increment X t + S — X t , t, s > is stationary, i.e. does not 
depend on t. 

Moreover, we say that a Levy process X is a G-Levy process, if satisfies additionally 
following conditions 

4. there a 2d- dimensional Levy process (X£, Xf) t >o such for each t > X t = X£+X d , 

5. processes X c and X d satisfy the following growth conditions 

limE^I 3 ]^ 1 = 0; E[\Xf\] < Ct for all t > 0. 

Remark 1. The condition [5] implies that X c is a d-dimensional generalized G-Brownian 
motion (in particular, it has continuous paths), whereas the jump part X d is of finite 
variation. 

Peng and Hu noticed in their paper that each G-Levy process X might be characterized 
by a non-local operator Gx- 

Theorem 2 (Levy-Khintchine representation, Theorem 35 in Q). Let X be a d-dimensional 
G-Levy process. For every f G G^(M d ) such that /(0) = we put 

G x [/(.)] ^limELf^)]*- 1 . 
The above limit exists. Moreover, Gx has the following Levy-Khintchine representation 

Gx[f(-)} = sup \f f{z)v{dz) + (Df(0),q) + ~ tr[D 2 f(0)QQ T ] \ , 

(v,p,Q)GU {JR d \{0} Z J 

where U is a subset U C M(M. d \ {0}) x R d x R dxd and M(R d \ {0}) is a set of all Borel 
measures on (R d \ {0}, B(R d \ {0})). We know additionally that U has the property 

sup \f \z\v(dz) + \q\+tv[QQ T ] \ <oo. (1) 

(v,p,Q)£U [jR d \{0} J 

Theorem 3 (Theorem 36 in [J]). Let X be a d-dimensional G-Levy process. For each 
4> € C bMp (WL d ), define u{t,x) := E[<f>(x + X f )]. Then u is the unique viscosity solution of 
the following integro-PDE 

=d t u(t, x) — Gx [u(t, x + .) — u(t, x)] 
=dtu(t,x)— sup < / [u(t, x + z) — u(t, x)]v(dz) 

(v,p,Q)€U {JR d \{0} 

+ (Du{t, x), q) + i tr[D 2 u(t, x)QQ T ] | (2) 
with initial condition u(0,x) = 4>(x). 



It turns out that the set U used to represent the non-local operator Gx fully charac- 
terize X , namely having X we can define U satysfying eq. ([l} and vice versa. 

Theorem 4. LetU satisfy (QP. Consider the canonical probability space il := Do(R + , M. d ) 
of all cadlag functions taking values in R d equipped with the Skorohod topology. Then 
there exists a sublinear expectation E on lD>o(K + ,R d ) such that the canonical process 
(X t )t>o is a G-Levy process satisfying Levy-Khintchine representation with the same set 
U. 

r — i 

The proof might be found in |4| (Theorem 38 and 40). We will give however the 
construction of E, as it is important to understand it. 

Begin with defining the sets of random variables. We denote fir := {w. A r: w G O}. 
Put 

Lip{n T ) :={£ G L°(Q): C = 4>(X tl ,X t2 - X tl , . . . , X tn - X tn _J, 
G C bMp (R dxn ), < h < . . . < t n < T}, 

where X t (uj) = Wt is the canonical process on the space Bo(R + ,R d ) and Z°(f2) is the 
space of all random variables, which are measurable to the filtration generated by the 
canonical process. We also set 

oo 

Lip(fl) := |J Lip(n T ). 

T=l 

Firstly, consider the random variable £ = 4>(X t + s — X t ), G Cb,Lip(^ d )- We define 

Eg] :=«(*, 0), 

where u is a unique viscosity solution of integro-PDE with the initial condition 
m(0, x) = 4>(x). For general 

£ = 4>{X tl ,X t3 -X tl ,.. .,X U - X u _ t ), G C bMp (R dyn ) 
we set E[£] := n , where 0„ is obtained via the following iterated procedure 
0i (xi, . . . ,x„_i) = E[0(xi, . . . ,JQ n - X tn _ 1 )] ) 
2 (xi, ■ • ■ ,x„_ 2 ) = E[0i(xi, . . . ,X t „_j - -X" t „_ 2 )], 

0n-i(xi) = E[0„_i(xi,X t2 - X h )], 
0„ =E[0„_i(X tl )]. 

Lastly, we extend definition of E[.] on the completion of Lip(rtr) (respectively Lip(tt)) 
under the norm ||.|| p := IE[|.| p ] 1/p , P > 1- We denote such a completion by L p G (Sl T ) 
(or resp. L P G {Q)). 

It is also important to note that using this procedure we may in fact define the 
conditional sublinear expectation E[£|51 t ]. Namely, w.l.o.g. we may assume that t = ti 
for some i and then 

E[e|fi t J :=<t> n - i (X t0 ,X tl -X t0 ,...,X ti -X u _ 1 ). 
4 



One can easily prove that such an operator is continuous w.r.t. the norm ||.||i and 
might be extended to the whole space Lq(VL). By construction above, it is clear that the 
conditional expectation satisfies the tower property, i.e. is dynamically consistent. 



3. Representation of E[.] as an upper-expectation 

In the rest of this paper we will work on the canonical probability space 
il := Do(M + ,M d ) and the sublinear expectation E[.] such that the canonical process 
X is a G-Levy process satisfying the Levy-Khintchine representation for some set IA. 
Just as in the case of G-Brownian motion it is reasonable to ask, if we can represent 
E[.] as an upper-expectation (i.e. supremum of expectations related to the probability 
measures on Oo(K + , M. d )). Moreover, can we describe these probability measures as laws 
of some processes on O (P + ,R d )? 



These questions have been partially addressed in the paper by Liying Ren He 
showed that for every U there exist a relatively compact family of probability measures 
*P such that 

E[£] = sup E p [£], £ G Lip(fi). 
Pe<p 

He also proved that if we take the laws of the Ito-Levy integrals w.r.t. some Levy process 
and an appropriate set of integrands, then upper-expectation w.r.t. this family of law 
makes a canonical process the G-Levy process with some characteristics hi. This result 
is very interesting, but one would rather have an opposite result: having the sublinear 
expectation E[.] one would like to define the set of integrands such that the laws of the Ito 
-Levy integrals of this integrands give the representation of E[.] as an upper-expectation. 

The aim of this section is to introduce such a representation. As in the original paper 
*3], which represents a G-expectation as an upper-expectation, we will use the dynamic 
programming method and we will prove first the dynamic programming principle (DPP) 
in our set-up. What is important is that we will prove DPP with a different filtration 
than it is classically used. This change of filtration is both important for proving DPP 
(though it is seems that it might be also proved with the canonical filtration) and for 
establishing Ito calculus. We will return to this issue at the appropriate moments. 

Assumption 1. Let a canonical process X be a G-Levy process in M. d on a sublinear 
expectation space (E> (R + , P d ), L^O.), E) . A ssume that the set U used in the Levy- 
Khintchine representation has the product form U = VxVxQc M(R d \{0})xR d xR dxd . 
Moreover, assume that V is a set of Levy measures satisfying following condition 

A := supu(M d \ {0}) < oo. 

Such a process will be called a G-Levy process with finite activity. We will also assume 
without loss of generality that X = 1 (otherwise we need to adjust the intensity of Pois- 
son procress, which will be introduced in a moment) and that every measure in V is a 
probability measure on M. d (otherwise we add an atom in 0). 

On the same canonical space introduce now a probability measure P and processes 
W and N such that W is a P-standard Brownian motion in R d and A is a P-standard 
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1-dimensional Poisson process with intensity 1, which is independent of W. Let AT be 
collection of P-null sets and 



Tt 

F 

T s 
■> t 

F s 



--a{W s , N s : < s < t} VVV; 

=(-^"i)*>o; 

--<t{W u -W s , N u - N s : s<u<t}VAf < s < t; 
<^t)t>s s>0. 



It is important to note that in fact we will work with the family of nitrations (F s ) s >o 
indexed with time s. This is reflected in the following definition 

Definition 4. Introduce the set of integrands A^ T associated with U as follows 

•4"t == {8 = (0 hc ,6 2 ' c ,6 d ): (9 hc ,9 2 ' c ) is an F* -adapted process on }t,T] 

taking values in V x Q and 9 d is an F* -predictable process on }t,T] 
such that the distribution jigd G V, Vs > t}. 

We stress that we use filtration F* instead ofF! We also note that if]ti,Ti] c]t 2 ,T 2 ] 
thenA^ Tl C4£ >7V 

For 9 e -4o ;00 denote the following Levy -ltd integral as 

r T r T r T 

B*/ = / el' c ds+ / 9f c dW s + / 9 d s dN s . 
Jt Jt Jt 

Lastly, for a fixed e Cb,Li P (M. d ) and fixed T > define for each (t, x) E [0, T] x R d 

u(t,x) := sup E F [ ( j)(x + B t /)}. 
0eA" T 

The most crucial results of this section are to be found in these three theorems. 
Theorem 5 (DPP). For every h > such that t + h <T one has 

u(t,x)= sup ¥f[u(t + h 1 x + Bl'° h )]. 

Theorem 6. u is the viscosity solution of the following integro-PDE 

d t u(t, x) + G x [u(t, x + .)- u(t, x)\ = 
with the terminal condition u(T,x) — (j)(x). 
Theorem 7. Let £ e Lip{^T) has the representation 

£ = 4>(X tl ,x t2 -x tl ,..., x tn - x t „_j, <p e C bMp (R dxn )- 

Then 

E[£]= sup E p [0«- e ,<- e ,...,<"- e )] 



= sup sup ... sup ¥?[<t>{B t f ,B\f\...,B 



tn-1,0" 



Note that due to working with the family of nitrations F*, t > 0, the last equality is 
non-trivial (and extremely useful) . For the sake of the shortness of notation, we will also 
get rid of the chain of supremums by defining 

A% := {9 = (d s ) se]tl , tn] : G A% ttk+1 , k = 1, . . . ,n- 1}, 

where n :— {ti, . . . , t n } is a partition of ]0, T]. Then the last equality in Theroem[JJ might 
be simply written as 

E[C}= sup E r [cj)(B°f,Bll> e ,...,B t t: -^)}. 
Lastly, we will give the following easy corollary to Theorem [7J 

Corollary 8. Let £ £ Lq(Q). Then for any partition ir of the interval ]0, oo[ one has 



E[£] = sup E F [^oB 
eeA" 



0,01 



where o denotes composition of functions. We treat here the ltd integral BP' 6 as a 
function of (i.e. the space of cadlag functions) taking values in cadlag functions. We 
can also write it in a different form, defining ¥ e := Po (B. 0,6 )^ 1 . Then 

E[£] = sup E pe [£]. 

We will give here only the proof of Theorem [SJ leaving the proofs of Theorems [6] and 
[7] to the Appendix, as they are very similar to proofs already published, which can be 
found in both Q and 11 1 . The proof of Theorem [5] also follows the idea by Denis et al. 
however one has to change details due to the changed filtration. One also needs to take 
into consideration the fact that Lemma 41 in their paper is usually untrue because of strict 
conditions on the distribution of 9 d . However, the proof retains similar structure, i.e. we 
firstly prove some lemmas which gives us control over appropriate essential supremums. 

Just as Denis et al. for C E L 2 (n, J" t) P; R"), t e [0, T] and a fixed (f> G C bMp (M. n x W l ) 

put 

A t , T [C] :=esssupE p [</,(C,Ol^]- 
eeA^ T 

Lemma 9. A f , T [.]: L 2 (fl, F t , P; M") -> L 2 (Vt, T t , P; R) is bounded by the bound of 4> and 
Lipschitz continuous with the same constant as <f>, i.e. 

1. At.rfC] < C+, 

2. |A t , r [C]-A t , T [C']| <^IC-C'I- 

3. Aj^fx] is deterministic for every x £ R" and A t ,T[x] = Ao,T-t[%]- 

Proof. Points 1 and 2 follow exactly the same argument as in Lemma 42 of [3j. The 

T 

9 £ A^ T due to the choice of filtration, thus 



first assertion of point 3 follows from the fact that B l rf is independent of JFt for every 



E p [</.(x, Blf)\ T t ] = E p [(/)(x, B*/)]. 

The last assertion is an easy consequence of the fact that the law of B^ 6 , 9 £ A^ T is the 
same as the law of B°/_ t , where 9 £ A% T _ t is defined by 9 S := 9 t+s , s e]0, T — t]. □ 
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To analyse better the essential supremums, we note that following general lemma 
holds. 

Lemma 10. Let (CI, J 7 , P) be a probability space and {^4fe}fcLi be an J- -partition of CI. 
Take the families of random variables {A,, k}i e j C L°°(Cl, F, P), fc <G 1, . . . , N . Then 

N N 

^ 1a h esssupA ijfc = ess sup ^ t Ak Xi, k , P - a.s. 
fe=i z€l %eI fc=i 

The proof of the lemma will be given in Appendix. 

Lemma 11. Let u t , T (x) := A t , T [a;], x E E n . T/ierc /or every C € L 2 (fi, J 7 *, P; K") owe 
has 

u ttT (0 = A*,t[C] P-a-s. 

Proof. By the Lipschitz continuity of A t .^ it is sufficient to prove the assertion for 
C = ^, , Xfel^j., where {Ak}^ =1 is an J-" t -partition of CI. By definition of A t .^ and 
Lemma ITD1 one has P-a.s. 

N 

A t)T [C] = esssup E p [^(C,B^)|Ji] = esssupE p [0(^ i fc l^,B*? fl )|7i] 

iV JV 

= esssup ^ tA^^Xk^Bj )^] = ^ ^A k esssupE p [^)(a;fe,B^ )|J" t ] 
«£-4"t fc=i fe=i 

AT 

= t Ak U t ,T{xk) = M*,t(C)- 

fc=l 

□ 

Unfortunately, working with the family of nitrations, instead of only one filtration, 
makes us introduce another operator, which would deal with the integrands, which are 
adapted or predictable (respectively) to an 'earlier' filtration. Namely, let s < t < T. 
Define a set 

At,T ■= {0 = {Ou)ue[t.T] ■ = %, T] for some § e A% T } 

and a function 

A s , t , T [C] := esssup ^[<f>(C,B*/)\T t ], C e L 2 (Cl,T fl P;R n ) and cf> € C bMp {R n x R d ). 

Similarly, we have the following proposition 

Lemma 12. 1. A s , t .T is bounded and Lipschitz continuous. 

2. h Stt .T[x\ is deterministic and K s ^,t[x\ = A 4i t[x] = u tj T(x) for each x £ M. n . 

3. A^rK] = ut ( r(C)(= A ^[C]) for each ( e L 2 (ft, J- t s ,P;R"). 
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Proof. Point 1 follows the same argument as in Lemma [9] Let us prove property 2. Just 
as in the proof of Lemma 43 in Q , we argue that the collection of processes 

N 

A := {6 = t A 3 0' J : {Aj}f =1 is an J^f -partition of Q, 6 j £ A% T } 
i=i 

is dense in A^ t T , so by the Lipschitz continuity of both stochastic integral and <f> we can 
take the essential supremum over this dense set. Thus 

A s , 4 .tN = esssupE v [^(x,B^ 6 )\jF t ] 
eeA 

ess sup E p [(Hx,5y EjN=llAjeJ )|J- t ] 

{Aj}^ =1 : J-" t s -partition of Q 

N 

ess sup ^\ Aj ¥F[<P{x,B t /)\Ft] 

: ^'-partition of fi j—1 



N 

ess sup ^\ Aj WF[(j>{x,B t /')]. 

{Aj}^_ 1 : J-" t s -partition of O j—1 

Taking the partition A\ — Q one can see that A. St t t T[x] > At r[at]. But of course each 

¥F[4>{x. Btf )] < Aj^yfa;] so also essential supremum is less or equal to A 4j t[£]- We 
conclude that Aa^yja;] = A^yfa;]. Property 3 follows from Lemma [TU1 just as in Lemma 
HU □ 

The following proposition proves that there is 'dynamic consistency' in taking the 
essential supremum. 

Proposition 13. Let £ E L 2 (n, T s , P; R n ), ip £ C bMp {W l x R d x R d ) andO < s <t <T . 
Then 

esssupE p ['(/;(^,i?(' e ,i3y )|J r s ] = esssup esssupE p [i/'(^, B t s ' ,B^ )\J r s ]. 

Proof. It is clear that we have following equality 

esssupE p [i/j(£, B^ e , By )|J r s ] = esssup esssup E p [i/>(£, i3 t s ' ,Bj. )|J" S ]. 
eeA u sT ' seA^ t 6eA% >tT 

So it is sufficient to prove that 

esssup E p [iP(£,B s t ' e ,B t /)\F s } = esssup E p [i/;(£, B s / , B$)\F a ] P — a.s. (3) 
SeA^ :tT 8^A" T 

Note however that by the tower property of the conditional expectation and by the 
Yan's commutation theorem (see Theorem A. 3 in Appendix of |9j), we can transform 
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LHS as follows 



ess sup ^ v m,Bf,B^)\T s ] = E p [esssup VF^B^ ,B l T 6 )\F t ]\F s ] = E p [A s>t , T [C]|.F s ]. 



Here A s ^.t is associated with <f>((x, y),z) :— ip(x,y,z) and we take C := (Cj-^t )• The 
same can be done with RHS 

esssu P E p [^(^S t s ' e ,i?^)|J- s ] = E p [esssu P E p [^(^S t s ^,i?^)|^]|J- s ] = E p [A t , T [C]| ?„]. 



We can now easily obtain eq. by applying property 3 from Lemma IT21 
Now we are ready to prove DPP. 



□ 



Proof of Theorem^ Fix h £ [0,T — 1\. By the definition of u and the Yan's commutation 
theorem we have 



u(t,x)= sup W[4>{x + B t rf)]= sup E p 



ess sup E 

06.4" 



(x + B*£ h + B, 



1,6 , u t+h,B 
T 



x + B^ + B^ 6 



Now using the dynamic consistency from Proposition [T3] (and once again Yan's commu- 
tation theorem) we get 



u(t, x) = 



ess sup ess sup E 



sup W 



sup W 



sup W 



ess sup E 



■ [x + B t ^ h + B, 



E 



ess sup E 



J t+h ~ T 



x + B^+B^' 8 



Ft+h 



t+h 



ess sup E 



x + B^ + B^ 8 



t+h 



Applying now Lemma [TT] we get that 



u(t, x) — sup E p 



ess sup E 



( i i r>t+h,§ 

\x + y + B T 



t+h 
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But B!jt h ' 6 is independent of Tt+h- Thus 



u(t,x) — sup E p 



sup E ff 



(x + y+ B l T 



t+h,0 



= sup E F u(t + h,x + B 



The last equality is of course by the definition of it. 



y= B t+h 



□ 



4. Capacity and related topics 

Before we can define the Ito integral, we need to establish some property of the 
paths of a G-Levy process with finite activity and relate different notions of regularity 
of random variables. In both cases, it is natural to consider the capacity framework. 

4-1. Quasi- sure properties of the paths 

Definition 5. For the sublinear expectation E[.] with the representation 



E[ 



sup E 4 - 



we introduce the capacity related to E[.] as 



c{A) = sup 
Qeq3 



A e B(fi). 



We say that the set A is polar, if c{A) = 0. We say that the property holds quasi-surely 
(q.s.), if it holds outside the polar set. 

Note that due to the representation of sublinear expectation in Corollary [51 for each 
G-Levy process with finite activity on the sublinear expectation space (CI, ig,(0),E) we 
can associate the family of probabilities ^3 = {P e : 6 e Aq and thus associate the 
capacity c, too. From now on, whenever we mention the property holding quasi-surely, 
it will be related to this particular capacity. 

We will prove the following proposition, which enables us to work on the paths of a 
G-Levy process. 

Proposition 14. Let X be a canonical process on the canonical sublinear expectation 
space (Cl, Lq(CI), E), such that X is a G-Levy process with finite activity under E. Then 
for each finite interval [s, t] X has finite number of jumps q.s. Hence the use of the term 
"finite activity" is justified. 

Proof. Fix < s < t < oo. Define the set 

A := {uj G Q : 1 1— > X t {ui) has infinite number of jumps on the interval [s, t]}. 

We will prove that P e (A) = for each 9 € Jft i<X) . Note that P e = P o (B. - 6 )-\ thus the 
canonical process under V e has the same law as the integral t B®' under P. Hence 



P e (A) =P(A e ), 
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where 



A 8 := {a; G ft : t >— > Bf' 6 (uj) has infinite number of jumps on the interval [s,i]}. 

But we know that the integral has finite activity P-a.s. as its jump part is an integral 
w.r.t. Poisson jump measure of the standard Poisson process. Hence F(A ) = 0. □ 

Remark 15. Note that of course the set A is non-empty, as there are plenty of cadlag 
functions (i.e. trajectories of X), which do not exhibit finite activity. They are however 
negligible, as those w's belong to a polar set. 

4.2. Spaces of random variables and the relations between them 

Now let us note that the we can extend our sublinear expectation to all random 
variables Y on VLt (or f2) for which the following expression has sense 

E[Y]:= sup E r "[Y]. 



We can thus can also extend the definition of the norm ||.|| p and define following spaces 

1. Let L°(D,t) be the space of all random variables on fi^- 

2. Let Cbi^lr) be the space of all continuous random variables in LPI^It)- The com- 
pletion of Cb{Qr) in the norm ||.|| p will be denoted as L,p(Ht)- 

3. Let C^ftp (fir) be the space of all Lipschitz continuous random variables in Cbi^r)- 
The completion of C^u p {Q,t) in the norm ||.|| p will be denoted as U clip {p.T)- 

We will need the relation between these spaces and L v g {Q,t) space. In the G-Brownian 
motion case it is well-known that Lip(f2x) C Cb(^lr) and L g {Q,t) = L£(f2r). In the case 
of G-Levy process the first inclusion is untrue as the evaluations of the cadlag paths 
are not continuous in the Skorohod topology (compare Q, section 'Finite-Dimensional 
Sets' in Chapter 3). However Ren was able to prove that Lipiytr) C E].(VIt) and thus 



L g (Qt) C L£(f2y) (see Section 5 in ll|). This relation is somehow unsatisfactory, 
because we would like to have a criterion for a random variable to be in our main space 
Ig(flr), not the opposite. Fortunately we are able to prove that L g (Qt) — ^?(^t)- 
But first let us prove with the following relation. 

Proposition 16. We have the following inclusion 

Cb,ii P {^T) C L g (Qt)- 

As a consequence 

L* Zip (fi T ) c L G (n T ). 

Note that we can't use the proof from [3j , which is based on the Stone- Weierstrass 
theorem and the tightness of the family {P 8 : 9 e Aq T }, because even though Lip(rtx) 
is an algebra which separates points in Qt, but it is not included either in Cb,u P {^T) 
nor in C(,(0,t) as its elements are not continuous. Thus we need to show the proposition 
directly constructing an appropriate approximative sequence. We will need the following 
properties. 
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Lemma 17. For any 5 > and a cadlag function x : [0,T] — > R d define the following 
cadlag modulus 

lo' x (S) := inf max sup \x(s) — x(t)\, 
* 0<i < r s : te[ti- u u[ 

where infinimum runs over all partitions 7r = {to, ■ • ■ , t r } of the interval [0, T] satisfying 
= to < ti < . . . < t r = T and ti — > S for all i = 1, 2, . . . , r. Define also 

W "{S) ■= sup min{\x(s) — x(tx)\,\x(t2) — x(s)\}. 
t 1 <t<t 2 
t 2 -t 1 <s 

Then 

1. <(<5) < w' x {8) for allS>0 and x e D (R+,R d ). 

2. For every e > and a subinterval [a,/3[c [0,T] i/ x does noi have any jumps of 
magnitude > e in the interval [a, f3] then 

sup |x(ii)-x(i a )|<2«4'(*) + e. 
t u t 2 e[a,p[ 

1*2— ti|<<5 

In particular, if x is continuous in [a, f3[, we have the estimate 
sup \x(h) ~ x(t 2 )\ < 2<((5) < 2w' x (5). 

ti,t 2 £[a,P{ 
\t 2 -U\<6 

3. The function x H > u4(<5) is upper semicontinuous for all S > 0. 

4. lim^o I /or x G © (JR+, K d ). 

These properties are standard and might be found in 2] for properties 1, 3 and 4 (see 
Chapter 3, Lemma 1, eq. (14.39) and (14.46)) and [7| for property 2 (see Lemma 6.4 in 
Chapter VII). 

Proof of Provosition \Tb\ Fix a random variable Y € C^^p^t)- For any n € N define 
the operator T n : © (JR+,R d ) -> © (R + ,R d ) as 



T»(i) := 



uj kT if te [M: (i±lllr fc = o,l,...,n-l. 

LOT if t = T. 



Define Y n := Y o T n . Then Y n depend only on {wkT/n}k = o * nus there exists a function 
0" : R("+ 1 ) xrf K such that 

y™(w) = ^"(w ,wt, . . . ,LO T )- 

By the boundedness and Lipschitz continuity of Y we can easily prove that also <j) n must 
be bounded and Lipschitz continuous (all we have to do is to consider the paths, which 
are constant on the intervals [kT/n, (k + l)T/n[). Note however that 

E[|F- Y n |] = E[|Y -Y oT n \] < Lt[d{X T ,X T oT n ) A2M], 
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where L and M are a Lipschitz constant and bound of Y, X T is a canonical process, i.e. 
our G-Levy process, stopped at time T and d is the Skorohod metric. 
Now let us define the random variable Z n on Qt as follows 



Z>) 



d(u>,T n (ui)) A 2M ifweA r , 
otherwise, 



where At := {w € f^y : cj has finite number of jumps in the interval [0,T]}. By Propo- 
sition [T3] we know that Z n = d(X T ,X T o T n ) A 2M q.s. so the expectations of both 
random variables are equal 



E[d(X 



T V T rpr, 
X o 1 



A 2M] = E[Z n 



Thus we can only consider paths with finite number of jumps. Fix then cj € At having a 
finite number of jumps at time < r\ < . . . < r m _i < T and possibly a jump at r m := T. 
We can choose n big enough such that r i+ \ — > T/n for i = 0, ... ,m — 1. Denote 
by A T the subset of At containing all such w'a (i.e. with minimal distance between 
jumps larger or equal to T/n). We want to have an estimate of the Skorohod metric for 
uj £ A T . To obtain it we construct the piecewise linear function A™ as follows A™(0) = 0, 
A"(T) = T, for each k = 1, . . . , n - 1 define 



kT 
n 



Moreover, let X n be linear between these nods. By the construction || A™ — Id\\oo < 2T/n. 
Define tk '■= X n (kT/n) for k = 0, . . . , n. Note that u> is continuous on [tfc, tfc+i [■ Then by 
definition of the Skorohod metric and property 2 in Lemma 1 171 we have 




d(w,T n (u))) A 2M 



inf max{||A-/d||ooJ||r n M -woAlloo} A 2M 
AeA / 

< (||A n - /d||oo + - cj o A n ||oo}) A 2M 



< 



< 



/ 2T 






f max 


{-- 


fe=0,...,n-l s 


~2T 








n 





sup |w(s) - A 2M 

te[tj,,tfc+i[ / 

A 2M. 



Thus we can define yet another bound M n as 

(f + 2<(f)) A2M, if^eA™, 

M"(a>) := <( 2M, ifwei T \ A™ , 

2M, ifw^A T . 



Then M™ > Z n and thus E[Z n ] < E[M n ]. We also have M n 1 on every A™. This 
follows from property 4 in Lemma 1171 Moreover we claim than M n is upper semi- 
continuous on every set A™ for m < n. Firstly, note that the set A™ is closed under the 
Skorohod topology. This is clear from the definition of the set: if {uj k }k C A™ then the 

14 



distance between the jumps is > T/m for each k. But if u> k — > u> then also u> must satisfy 
this property and hence it belong to A™ C AVj,. Now note that by Lemma fTTl property 
3, we have that lu m> (2T/n + 2w' u) (2T/n)) A 2M is upper semi-continuous as a minimum 
of two upper semi-continuous functions and thus 

limsup A/"^) = limsup ( — + 2w' Lok (—)) A2M 



k— ¥00 k^roo \ Tl y TL J 

<(K + 2w ' u (—\) A 2M = M n (u). 



n \ n J 

Thus M n is upper semi-continuous on each closed set A™, m < n. 

We also claim that the sets A™ are 'big' in the sense, that the capacity of the com- 
plement is decreasing to 0. We prove it similarly to Proposition Q31 Note that 

(A%) c = {uj G n T : 3t,s < T, \t-s\ < — and Aui t ^ 0, Auj s ^ 0}. 

m 

For any # G -4^/ T define the set 

(A™' e ) c = {a; G fi T : 3t.s < T, \t-a\ < — and AB t M (w) ^ 0, AB°/(uj) ^ 0}. 

TO 

Then we have then by the representation of c, the fact that ¥ e is the law of B. 0,6 (which 
have jumps at times when Poisson process has a jump) and the properties of the Poisson 
process that 

c[{A^f]= sup P e [(A%) c }= sup v\(A™' e ) c 

T 

< P(3t, s <T, \t-s\< — and AiV t = A7V S = 1) 

m 

x 

= P(3 s < — and AiV s = 1) = / er s ds = 1 - 0. 

Note that we will prove the assertion of our proposition if we use the following lemma 
(proof below). 

Lemma 18. Let {X n } n be a sequence of non-negative uniformly bounded random vari- 
ables on Qt such that there exists a sequence of closed sets (F m ) m having the following 
properties 

1. c(F 1 L n ) — > asm^oo. 

2. X n \,Q on every F m . 

3. X n is upper semi- continuous on every F m , m < n. 
Then E[X n ] -> 0. 

Applying this lemma to our sequence {M n } n together with the closed sets (A™) m 
we get that 

E[|F" - Y|] < E[Ld(X T , X T o T")] < LE[M n ] -> 0. □ 
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Proof of Lemma\7R Fix e > 0. Let M be the bound of all X n . By the representation of 
the sublinear expectation we have 

E[X n ] = sup E p6 [X n ] = sup / P e (X n > t)dt 

= sup / P e [{{x n >t}nF m )u{{x n >t}nF^)]dt 

8eA% iT Jo 

pM pM 

< sup / P e ({X n \ Fm >t}UF^)dt< sup / [c{X n \ Fm >t)+c{F c m )]dt 
6&A% iT Jo seA^ T Jo 

pM 

< / c(X n \ Fm >t)dt + Mc(F^). 
Jo 

By the first property of sets F m we can choose m big enough so that c(F£j < m. Choose 
n > m. By the upper semi-continuity of X n on F m we get that each {X„|i? m < t} is 
closed in the subspace topology on F m . But F m is also a closed set in the Skorohod 
topology, thus {X„|i? m > t} is also closed in it. Moreover, due to monotone convergence 
on F m we have that {X n \p m > t} I as n j" oo. Thus by Lemma 7 in Q we get that 
c(X n \p m < t) I as n | oo and we get the assertion of the lemma by applying monotone 
convergence theorem for the Lebesgue integral and choosing n > m big enough, so that 
the integral is less then |. Thus 

< E[X n ] < e for n big enough. □ 

Now we are able to prove the main theorem using the reasoning by Denis et al. as in 
Theorem 52 in Q, which is based on the Stone- Weierstrass theorem. 

Theorem 19. The space Cb,iip{Qr) * s dense in Cb(&>T) under the norm E[|.|]. Thus 

L 1 G (n T ) = h 1 c (n T ). 

Proof. Fix Y € Cbi^lr)- We will prove that there exists a sequence Y n in C^up^r) 
converging to Y in E[|.|]-norm. 

Firstly, Ren proved that the family {P : 9 g -A^/ T } used to represent the sublinear 

expectation E[.] is tight (see Lemma 3.9 in [111]). Therefore by Prohorov's theorem (see 
e.g. Theorem 6 in [3j) for each n € N there exists a set K n which is compact in the 
Skorohod topology and c(K°) < 1/n. 

Note also that Cb^iipiP-r) is an subalgebra in Cf,(f2y), which separates the points 
(the last claim is an easy conse quen ce of the Tietze's extension theorem for Lipschitz 
functions, see Theorem 1.5.6. in [13|). Thus by the Stone- Weierstrass theorem for each 
compact set K n there exists a random random variable Z n on K n , which is bounded and 
Lipschitz and 

sup \Y(lj) -Z n (cj)\ < - and sup \Z n {oj)\ < sup \Y(ui)\. 

Once again using the Tietze's extension theorem, we may extend Z n to the whole fir 
preserving the Lipschitz constant and the bound and we will denote this extension by 
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Y n . Note that Y n e C bMp (n T ) and that 



sup \Y n (uj)\ = sup \Z n (uj)\ < sup \Y(u)\ < sup \Y(uj)\ =: M. 

w£fiT uj£K n uj£K n cjGOt 

Hence 

E[\Y n - y|] < E[\Y n - Y\l Kn ] + E[\Y n - Y\1 K *] < 2Mc(K c n ) + -c{K n ) 

n 

< -(2M+1) -> 0. 
n 

Therefore we proved that Cb,Up{^kr) is dense in C(,(Qt). Thus the closure of CbMpi^r) 
under the norm E[|.|] is exactly L*(Qt). However, by Proposition [16] we know that 
CbUpi^r) C Lq(VLt) and by Remark 5 in ll| we know that Lq(Q,t) C L^(f2x)- Thus 
L^(Q T )=Li(Q T ). ' □ 

The theorem above allows us to use the characterization of the random variables in 
L{?(f2) in terms of their continuity and thickness of their tails. Namely, introduce the 
following definition. 

Definition 6. We will say that the random variable Y 6 L°(fl) is quasi- continuous, if 
for all e > there exists an open set O such that c(0) < e and Y\o c is continuous. For 
convenience, we will often use the abbreviation q.c. 

It is well known that the following characterization of L£(f2) (thus also Lq(Q)) holds 
(see Theorem 25 in [3j). 

Proposition 20. For each p > 1 one has 

L£(fi) = LUU) = {Y e L°(Q): lim E[|r| p l f iy| > „ } ] = 0, Y has a q.c. version}. 

n—>oa 

Thanks to this proposition we will be sure that our integral really belong to the Lq(H) 
space. 



5. Definition of the Ito integral 

By the definition of the G-Levy process there is a Levy -Ito -type decomposition on 
the continuous part (i.e. generalized G-Brownian motion) and pure-jump process. As it 
is widely known, there is a good definition of the Ito integral w.r.t. G-Brownian motion, 
so let us assume that we have to deal only with a pure-jump G-Levy process X, i.e. 
U = V x {0} x {0}. 

We introduce the following random measure: for any < t < s and A G S(R ) 
X(]t,s],A) := 1a(AX„), q.s. 

t<u<s 

Remark 21. Note that this random measure is well-defined q.s. thanks to the finite 
activity property. Moreover, it is really a random measure, i.e. is countably additive. 
This is not true if one would like to compensate it by factor E[X(]t, s], A)], as a a function 
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A — > E[X(]t, s], A)] is usually not additive, as one can easily check. Though it is not such 
a big obstacle for defining the ltd integral, it shows a big difference to the ordinary Levy 
jump measures, which can always be compensated (compare [lj). Moreover, it shows 
that for disjoints sets A\ and A2 the random variables XQt, s],A\) and XQt, s), A2) are 
NOT independent under E[.@ 

Let us now introduce the set of simple integrands. 

Definition 7. Let Hq([0, T]xR d ) be a collection of all processes defined on [0, T] x R rf x f2 
of the form 

n — 1 m 

K(u,z)(u;) = J2J2 Fk ^ t ^t k+ ,](u)Mz), ",meN, (4) 
fe=i 1=1 

where < t\ < . . . < t n < T is the partition of [0, T], {ipi}^. 1 C Cb.u p (R d ) are functions 
with disjoint supports s.t. t/>/(0) = and F k ,i = (f> kt i{X t± , . . . , X th - X tk _ 1 ), (f>k,i G 
Cb,ii P (^ dxk )- We equip this space with the following norm 

\\K\\-H 2 G (lo,T]xR d ) '■= E 
(This is of course the norm up to equivalence classes). 

Definition 8. Let < s < t < T. The ltd integral of K G Hq{%T\ x R d ) w.r.t. jump 
measure X is a random variable defined as 

/ K(u.z)X(du,dz) := V] K(u,AX u ), q.s. 

J ^ d s<u<t 

If s = 0, t = T we will denote also the integral as an operator I. 
Theorem 22. For every K G "Hg([0,T] x M d ) we ftaue i/iai 

/ f K(u,z)X(du,dz)e L%(tt). 

Js JR d 

Proof. By linearity of Lq(D,) it suffices to prove the assertion of the theorem for K of 
the form 

K(u,z):=iP(z), iPeC bMp (R d ). 

Note that we can take K deterministic, because for every X £ Lq(CI) and £ G Lip(Q), 
X ■ £ G Lg(f2) due to the boundedness of £. Thus it suffices to prove that 



sup 

•uGV 



K 2 (u, z)v(dz)du 



2 This is not surprising, as there is already a good characterization of the random variables mutually 
independent of each other under sublinear expectations, sec 5] . 
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We will use Proposition [20l Firstly, we will prove that Y has a quasi-continuous version 
(or rather quasi-Lipschitz-continuous). Introduce a random variable 

Z:= ^( AX ") 

s<u<t 

and a set 

An := {w e fl: w has at most n jumps in the interval ]s, t[ 

and no jumps in both ]s — 1/n, s[ and ]t, t + l/n[ }. 

Fix a sequence (u> m ) m C A n converging to uj in the Skorohod topology. By the definition 
of the Skorohod metric it is easy to see that if Au u ^ 0, u s]s, t[, then there exists 
a sequence (u m ) m c]s,t[ s.t. Acj™ — ?> Aw„. Conversely, if there exists a sequence 
(um)m C]s,t[ converging to u G]s,i[ and such that AwJ^ 7^ for almost all to, then 
Aw™ m — > Acj„ (which might be equal to 0). By this we see that oj has at most n jumps 
in the interval ]s, t[. Similarly, we conclude that oj can't have any jumps in the intervals 
]s — 1/n, s[ and )t, t + l/n[. Thus, A n is a closed set under Skorohod topology. 
Note that we have the estimate 



I Aw™ -Aw„| < 2d(oj,oj m ). 



Moreover, by the definition of A n we have that jumps of oj" 1 can neither escape the 
interval [s, t] nor enter it. Thus 



J2 ^(ao ^ E ^( Aw «) 



s< , it<£ 



s<u<t 



or to be more exact 



8<U<t 



8<U<t 



< 2L(n + 2) • d(u,u m ), 



where L is the Lipschitz constant of tp. Hence, Z is Lipschitz continuous on A n . 

Will prove now that the complement of A n has a small capacity. By the same argu- 
ment as in the Proposition 1141 we can show that X has at least n jumps in the interval 
]a,/3[ implies that the Poisson process needs to have also at least n jumps in the same 
interval and the capacity of set A c n might be dominated in the following manner 

c (An) <P(N has at least n jumps in the interval ]s,t[) 

+ F(N has at least 1 jump in the interval ]s — 1/n, s[) 
+ F(N has at least 1 jump in the interval ]t, t + l/n[) 4- 0. 

Moreover, A c n is open as the complement of a closed set. Hence, we conclude that Z is 
quasi-continuous. 

It remains to show that Z = Y q.s. This is however easy, since 



c(Y ^ Z) = c(AX s 0) < P(AN S ^ 0) = 0. 
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The 'uniform integrity condition' might be proved in the similar manner. Let M be 
a bound of i/j. Without the loss of generality we may assume that M = 1. Note that for 
any 9 € Aq ^ the following set 



s<u<t 



> n > C {N has at least n jumps in the interval )s, t]} =: B n , 



as the sum of jumps grows only at jump times and only by a value bounded by 1. 
Introduce 

C n := B n \ B n+ i — {N has n jumps in the interval ]s, t]} 
Hence we have the estimate 



E[|F| 2 l { | y|>n} ] = 



sup E p 

9 £ T 



E ^ B u 6 ) 



s<u<t 



L {|E a <„< t v>(Asr)|>4 



sup E ¥ 



< sup W 

6eA 0,T 



S<U<t 



L {|E s <„< t V>(e u AAr„)|>«} 



E mO u AN u )\ 2 t Bn 



s<Cu<t 



< V sup E F 

— ' f)GA u 



E \i>(duAN u )\ 2 t c „ 



s<u<t 



< E SU P eP [ m2 lc m ] = E m2p (Cm),-^ Oasn^oo, 



because the Poisson random variable has second moment finite and the number of jumps 
of the Poisson process in the fixed intervals is Poisson-distributed. 

We conclude the proof by noting that Y satisfies the characterization in Proposition 
l20l thus belongs to the space 7^(0). □ 

Theorem 23. ltd integral I is a continuous linear operator from 'Hq([0,T] x K d ) to 

L%(n T ). 

Proof. We will utilize Corollary [5J Namely, let K has representation as in eq. ([J]), i.e. 

n — 1 m 
k=l 1 = 1 

for some partition 7r = {t\, . . . , £„} of the interval [0, T], bounded Lipschitz continuous 
functions {V'z};ILi with disjoint supports such that ipi(0) — and random variables F^i = 
(j) k j{X tl ,. ..,X tk - X tk _ 1 ), <f> kt i e C b j ip (M. dxk ). By the corollary and the definition of 
the ltd integral we have 
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E 



K(u, z)X(du, dz) 



sup W 

6gA<4 



- sup W 

9eA" 



= sup E p 
8eA% 



: SUP 



E K(u,AX, 

\<u<T 

E E E MX tl ,...,X tk - X tk _J l ]tktth+l] (u) 1>t(AX u ) 

»<u<T fc=l 1=1 
7i— 1 m 

E E E M^,--- t ^n ]thM (u)M^ $ ) 



,0<«<Tfe=l i=l 



E EE^(<-'-t 1,s )W]W*(w) 



. o<«<t fe=i ;=i 



(5) 



Define a predictable process K 9 {u, z) as 

n—X in 

K 8 (u,z) := E E MK\---,B^' e n ]th<tk+l] {u)UOuZ). 

k=l 1 = 1 

Then we can write eq. © as 



E 



K(u, z)X(du, dz) 



= sup E 



K (u,z)N(du,dz) 



sup E ff 



o Jm d 



K e (u,z)N(du,dz) + / 



where N(du, dz) and N(du, dz) are respectively the Poisson random measure associated 
with the standard Poisson process and the compensated Poisson measure. Using standard 
inequalities we get hence: 



E 



JR d 



K(u, z)X(du, dz) 



< 2 sup { E ff 



< 2 sup 

0GA" I JO 



K e (u,z)N{du,dz) 



E ff 



E 



{K«{u,l)Y 



du + T E 



[K e {u, 1))' 



K e (u,l)du 



du 



2(T+l)sup / E p EE^(<'"-^r'')W]( u )^W 
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Let Ct '■= 2(T + 1). Note that the intervals are mutually disjoint, just as the 

supports of ipi , hence 



E 



K(u, z)X(du, dz) 



< C T sup 



E 



9eAH fe=1 I=1 Jo 

n—1 rn p t k 

C T sup J2 

fc=1 l=1 ^ k 



4>lMf, . . . , B^ 6 ) t ]tk , tk+l] (u) tf(6 u ) 



du 



E 



(6) 

Note now that the process {6 s )s&ti,th\ is independent of the process {d s ) s e]t k ,t k+1 ] due to 
the choice of filtration. As a consequence the expectation in eq. © factorizes and we 
have 



E 



K(u, z)X(du, dz) 



< C T sup Y Y 

OZ-W k=l 1 = 1 Jt K 



m o,t 



, • ■ • , B t 



7i-l m r t k+1 

C T sup £ 



fc=i j=i " Efc 



2 , n o.e 

(-8*1 , ■ ■ ■ ■ •->, 



C T sup E" 



< C T sup E" 



CVE 



sup 

o »ev 



E p [^ 2 (#u)]cfc 

ipf(z)iu,g u (dz)du 

n ± n lb~ X lib 

\ / EE^(<--'<'" 1,9 )%, il+1 i(^i(^.(^ 

•>o k=1 i=1 

Jo v&v fe=1 |=1 

K 2 {u 1 z) v(dz)du 



n — 1 m 



□ 



Corollary 24. Lei ?^([0,T] x R d ) denote the topological completion o/"Hg([0,T] x M d ) 
under the norm || -||-h^([o.t] xR d ) ■ Then ltd integral can be extended by the continuity of 
the operator I to the whole space Hq([0, T] x R d ). Moreover, the formula from Definition 
\$ still holds for all K £ H%([0,T] x R d ). 

Remark 25. Since the jump measure is not compensated, there is no reason to expect 
that the expectation of such an integral should be 0. Moreover, it is easy to check that 
in general the Ito-Levy integral is not a symmetric random variable. As the consequence 
the nature of this integral is significantly different from Ito integral w.r.t. G-Brownian 
motion. 
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K(u, z)X(du, dz) 


= sup vF e 




K(u, z)fi0 u (dz)du 




ee Ay 


J Jl 





Remark 26. We may compute explicitly the expectation of the integral in terms of the 
integral w.r.t. Levy measure. Namely, for any £ e Lq(Q) and K £ V.q([0,T] x R d ) we 
have 



E 



where 7r is any finite partition of the interval [0, oof. The technique for proving this is 
exactly the same as for Theroem l23l We need to prove it only for K £ Hq([0,T] x M. d ) 
and by using the representation formula for sublinear expectation (as above), we may get 
the desired equality. (Note that we don't need to use any inequality, as it was necessary 
in Theroem 1231 thus we really get an equality). 

6. G?-It6-Levy processes. Ito formula 

In this section we will introduce GTto Levy processes. Assume U to be of the form 
U := V x {0} x Q, i.e. there is no drift-uncertainty. Assume moreover that the set 
Q is bounded and convex. Then the G-Levy process X associated with U might be 
represented as X := B + L, where B is a G-Brownian motion associated with Q and L 
is a pure-jump G-Levy process associated with vH 

Recall the following notation 



x-y 



T 

x y, 



\x\ := ■ x, and 7: (3 := tr(7/3), | 7 | := ^7: 7, 



where x, y, S K d , 7, /? G S d (S d is the space of all d x d-dimensional symmetric matrices). 

We will also use the following definition: the process Z taking values in a metric space 
(X, d) is an elementary process, if it has the form 



Zi 



N 

E 

n=l 



where < t\ < . . . < 00 and 
Define the following spaces 



(j) n (X tl , . . . ,X tn )t] tn __ u t n ], 

X is Lipschitz continuous and bounded. 



prfxr 



1. Let Hq(0,T) denote the completion of all Revalued elementary processes under 
the norm 



\7\\ 2 



E 



I /.:/.[: d{B) s 
Jo 



For a process Z £ 7-^(0, T) one can define the stochastic integral denoted by 
f* Z s ■ dB s . Note that usually one uses different elementary processes (with random 
variables which are cylinder functions of the G-Brownian motion and not a G-Levy 
process). However we can easily generalize the Ito integral for this larger class of 



3 Formally, we should introduce new operators G c and G d which would produce G c -Brownian motion 
and pure jump G d -Levy process. However, we think that in this paper this slight abuse of notation does 
not lead to any confusion, so we will keep it. 
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integrands, because the increment of the G-Brownian motion is independent of the 
past of the G-Levy process. 

2. Let Mq(0,T) denote the completion of all R-valued elementary processes under 
the norm 

IMIa^(o,t) == E J \Vs\ds 

For a process r\ £ Mq(0, T) one can define the following integral J * rj s ds. 

3. Let A4q(0,T) denote the completion of all § d -valued elementary processes under 
the norm 

IMIm^o.t) : = E J \Vs\ds 

For a process 77 £ A4q(0,T) one can define the following integral f Q r] s : d(B) s . 

Definition 9. The process Y = (Y 1 , . . . ,Y m ) is called a G-Itd-Levy process in M. m , 
if there exists processes Z i £ H%(0,T), a' £ M^(0,T), ft £ M l G (Q,T) and K i £ 
H%([0, T] x R d ), i=l,...,m such that for all t £ [0, T] 



VI VI 



aids 



PI : d(B). 



Zl ■ dB, 



K l {s,z)L(ds,dz). q.s. (7) 



Theorem 27 (Ito formula). Let Y be a G-Ito-Levy process in R m with representation 
Q). Let f £ G 2 (K. m ). Then f(Y t ) is also a G-Levy -ltd process with the representation 

f(Y t ) = f(Y ) + g J* ^(Y s )a\ds + g J* §t {YsWs : d(B) s 



1 m 

1 



t a2 



d 2 f 



j=i Jo dxidxj 



(Y s )Zl(Zl f : d(B) s +jrj* §t(Y s )Zi ■ dB s 



[f(Y s _ + K(s, z)) - f(Y s _)] L(ds, dz),q.s. 
where K := {K \ . . . , K m ). 

Proof. Firstly, define the following random times 

to = 0, r„ :=inf{t >t„_ 1 : 0^ AX t (= AL t )}, n = l,2,... 

Each r n is a stopping time w.r.t. filtration generated by the canonical process X. Due 
to finite activity t„ t 00 q.s. Thus we have 

00 

f(Y t ) - f(Y ) = J2 [/QWJ - /OWJ] 

00 00 
= E [/PW,-) - /OWi)] + E tfOW.) " /0W)] . (8) 



n=l 



4 It is easy to see that if Q is not only bounded but also bounded away from 0, then there exist 
constants < A < B such that At ■ Id^ < (-B)t < Bt ■ Id^ and the norm Hq(0, T) is equivalent to the 



following norm: E 



[lo\Z*?ds 



1/2 
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Note that the second sum might be written as 

oo oo 

]T [/OWJ - f(Y t Ar n -)} = I/( y 'Ax„- + K(t A r n , AL tAT J - f(Y tATn _)] 

n—1 n— 1 

f [f(Y s -+K(s,z))-f(Y s _)}L(ds,dz),q.s. (9) 

JR d 

The first sum is more complicated and one has to be cautious by dealing with stopping 
times here. Fix n and introduce the process Y n , t := {Y* t , . . . , Y™ t ) where Y£ t is defined 

as 



Yi tt = Y t \ Tn _ i + all ]Tn _ UTn] ds+ Pll ]Tn _ UTn] :d{B) s + Z]l ]Tn _ lfTn] • dB s . 
Jo Jo Jo 

Note that the integrands may fall out of their spaces, when multiplied by a factor 
1]t- i -t„]i as the multiplied integrands might lose so-called quasi-continuity (see Q and 
[12j | for the discussion of this problem). This general problem is not an obstacle for us, 
if we use the definition of integrals which does not assume the quasi-continuity of the 
integrand. Such a definition was introduced by Li and Peng in [6| and we can utilize it 
immediately. They also gave the Ito formula for such processes (Theorem 5.4), which we 
apply now to the process Y t n and /. Thus 

f(Yn,t)=f(Y tA r n - 1 )+f] [ ^-(Y niS )ail ]Tn _ uTn] ds 



-i m ft p,2f 



2 Jo dxidx j 

i,3=l J 



Firstly, notice that by Lemma 4.3 in Q one has 

Kt = + / [<ds + PI : d(B)„ + Z\ ■ dB s ] , q.s. 

J]tAT„-l,tAT„] 

Thus Y% t — Y t l q.s. on [r n _i, r n [, i = 1, . . . , m and hence we can rewrite dTU|) as 

f(YtAr n -) = /0Wi) + £ f ^{Y s )a\t ]Tn _ uTri] d S 

+ E f Q ^(^)^ 1 K- 1 ,r n] : d(B) s + jr £ ^-(Y s )Z\t w _ uTn ydB s 

1 m ft 32f 
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Now taking a sum in (fTTj) we get that 

m pt 



E[/( y ^-)-/(F tA r n _J] = £ / 7^(^K rfs + E/ ^CWW* 

n=l *=l Jo ^ i=l Jo 

i ™ ft f) 2 f — ft 8 f 

ij—l i=l 

Combining eq. (|8j). (|9j) and ([12]) we get the assertion of the theorem. □ 

7. Diffusions with jump uncertainty 

At the end of this section, we will establish the SDE's and BSDE's w.r.t. G-Levy 
processes. Once again we assume that U = V x {0} x Q with Q bounded and convex. 
Thus the quadratic variation (B) t might be dominated by M-t-Idd for some constant M, 
or more specifically, the quadratic covariation (B l ,B : >)t might be dominated by M % 'i ■ t. 

We will follow the idea presented by Peng in [lfj, Chapter V. 

Let us introduce the new norm on the integrands: for a R n -dimensional process Z 
define 



I 7\\ p 



\Z t \ p ]dt, p>l. 



The completion of the space of n-dimensional elementary processes under this norm will 
be denoted as M^(0,T). Note that 



n\zt\ p ]dt, 



thus appropriate integrals will be always well defined. 

Similarly, we need to adjust the space of integrands for the jump measure. Let 
H%([0,T] x R d ) denote the completion of all H%([Q,T] x R d ) under the norm 









E 


f T \z t \ p dt 


<-L 




Jo 





\K\ 



W^([0,T]xR d ) 



E 



sup 



K 2 {u, z)v(dz) 



du. 



7.1. SDE's driven by G-Levy processes 

We will consider the following SDE driven by the d-dimensional G-Brownian motion 
B and the d-dimensional pure jump G-Levy process L 

dY l s = b l (s,Y s )ds + h l (s,Y s ): d(B) s + cr l {s,Y s ) ■ dB s + [ K\s,Y s -,z)L(dz,ds), (13) 

where i = l,...,n, Y = (Y 1 , . . . , Y n ). Denote b = (b 1 , . . . , b n ), h = (h 1 , . . . , h n ), 
a = (cr\...,o- n ) and K = (if 1 , . . . , if"). 

We will work under following standard assumptions. 



Assumption 2. 1. b: [0,T]xR n xQ, 
w.r 

x £ 



is Lipschitz continuous w.r.t. x uniformly 



w.r.t. (t,0j) (i.e. \b(t,x) — b(t,y)\ < c\x — y\) and b(.,x) <E Mq(0,T) for each 
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2. a: [0,T] x R™ x Q — > R dx ™ is Lipschitz continuous w.r.t. x uniformly w.r.t. (t,u) 
(i.e. \a(t, x) ~ <j(t, y)\ < c\x — y\) and each row of <j(., x) belongs to Ai G (0, T) for 
each x G R™ . 

3. K: [0,T] x R™ x R d x O — > R" is Lipschitz continuous w.r.t. x uniformly w.r.t. 
(t,u,z) (i.e. \K(t,x,z)-K(t,y,z)\ < c\x-y\) and K(.,x, .) £ H G ([0,T] xR d ) for 
each x £ R" . 

4. /i: [0,T] x R n x 51 — > (§ d ) xn is Lipschitz continuous w.r.t. x uniformly w.r.t. (t,Lu) 
(i.e. \h(t, x) — h{t, y)\ < c\x — y\) and h(., x) for each x £ 1" is a symmetric d x d 
matrix with each element taking values in Ai G (0,T). 

Definition 10. The solution of the SDE H3\) with the initial condition yg £ R™ is the 
process Y £ M%(0,T), satisfying 



Y t l =y + V(s,Y s )ds+ h\s,Y s ): d(B) s 
Jo Jo 

+ f a i (s,Y s )-dB s + f f K t {s,Y s ^,z)L(dz,ds). 

JO Jo JR d 

Theorem 28. Under the Assumption^ there exists the unique solution of the SDE 
with the initial condition yo £ R™. 

Proof. The proof is standard. We introduce the mapping 

A: M G (0,T) -s- M G (0,T) 
by setting A\, t £ [0, T], i = 1, . . . , n as 



Al(Y):=y + b\s,Y s )ds + h l (s,Y s _): d(B) s 
Jo Jo 

+ [ a l (s,Y s -) ■ dB s + [ ( K l (s,Y s ^,z)L(dz,ds). 

Jo JO JR d 

By the Lipschitz continuity of the coefficients we easily obtain the following estimate 



i:[|A t (y)- A t (y')l 2 ] < ct 



\b(s,Y s )~b(s,Y:)\ 2 ds 



+ CE 



[h(s,Y s )-h(sX))- d{B), 



CI 



t 

(o-(s,Y s ) - o-(sX)) ■ dB : 



(K(s, Y s _ , z) - K{s, Y' s _ , z))L{dz, ds) 



<C E[\b(s,Y s )~b(sX)\ 2 ]ds + Ci 
Jo 

+ C [ E[\a(s,Y s )-a(sX)\ 2 ] ds 



\h(s,Y s )-h(sX)\ A ds 



C 



sup / \K(8,Y a -,z)-K(sX-,*)\Mdz) 



ds 



<C f fc[\Y a -YZ\ 2 ]ds, t£[0,T}. 
Jo 
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We have applied here some standard inequalities, domination of the quadratic covariation 
differential by dt, the continuity of the stochastic integrals w.r.t. the appropriate norms 
and the Lipschitz continuity of the coefficients. Note that he constant C may vary from 
line to line, but depend only on the Lipschitz constant, dimensions d and n, time horizon 
T and the set U. 

Now multiplying the both sides od inequality above by e~ and integrating them 
on [0, T], one gets 

f E [|A t (y) - A t (y')| 2 ] e- 2Ct dt <C [ e~ 2Ct [ E [\Y S - Y^\ 2 ] dsdt 
Jo Jo Jo 

< c £ j\' 2Ct t [\y s - y s f ] dtds 



2 

Thus we have the following inequality 

i-t ^ ,••/■ 



\j (e- 2Cs -e-* CT )E[\Y s -Y:\*]ds. 



[ E[|A t (F)-A t (r')| ; 
Jo 



e~ 2Ct dt<- I E [\Y t — Yt\ 2 e~ 2Ct ] dt, 



(i 



This equality shows that A is a contraction mapping on A4q(0,T) equipped with the 
norm 

T \ 1/2 



(i 



E[\Y t \ 2 e~ 2Ct ]dt 



which is equivalent to the norm ||.||^2 r T y As a consequence there exists a unique fixed 
point of A, which is the solution of our SDE. □ 

7.2. BSDE's and decoupled FBSDE's 

We will consider the following type of BSDE: 



dYl =E 



C+ / V(s,Y s )d.s + / h\s,Y s ): d(B) 



te[o,r], (14) 



where i = l,...,n,Y = (Y 1 , Y n ) and £ = ■•,£")■ Denote 6 = (b 1 ,...,^) and 
h = (h\...,h n ). 

We will work under following standard assumptions. 

Assumption 3. 1. £ Lq(Qt)- 

2. b: [0,T] x 1" x !1 -> 1" is Lipschitz continuous w.r.t. x uniformly w.r.t. (t,uj) 
(i.e. \b(t,x) - b(t,y)\ < c\x - y\) and b(.,x),a(.,x) £ M}j(0,T) for each x £ R n . 

3. h: [0,T] x K" x — > (E> d ) xn is Lipschitz continuous w.r.t. x uniformly w.r.t. (t,u) 
(i.e. \h(t,x) — h(t,y)\ < c\x — y\) and h{.,x) for each x £ M. n is a random matrix 
such that each element belongs to A4q(0,T). 

Definition 11. The solution of the BSDE {1J^ is the process Y £ M^(0,T), satisfying 
eq. (Lty. 
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Theorem 29. Under the Assumption\^there exists a unique solution of the BSDE 



Proof. The proof is very similar to the SDE case and is nearly identical to the proof for 
the G-Brownian motion case (see Theorem V.2.2 in [l(|), so we omit it. □ 

As the concequence, we can introduce decoupled FBSDE's. For simplicity assume 

71 = 1. 



cr(X t /)-dB s + [ K(Xl'l,z)L(dz,ds), 

jTg, d 



Consider the following SDE 

dX*/ = 6(X*' e )ds + h(Xi*) : d(B) s 

Af«=£, se[t,T], (15) 

where £ E L%(Sl t ), a: R -> M d , 6: E -> R, /i: R -> § d and X: K x R d -> R arc 
deterministic and Lipschitz continuous functions w.r.t. (x, y) (and uniformly in z for K). 
By Theorem |2"51 there is a unique solution of this SDE. Now consider associated BSDE 



J S J S 



se [t,T], 



(16) 



where $:R^R, /:Exl4l and jilxl^S^are deterministic and Lipschitz 
continuous functions w.r.t. (x.y). Theorem 1291 guarantees the existence and uniqueness 
of the solution. The pair {Xft,Y£'*) is the decoupled FBSDE with jumps. 

In the forthcoming work we will deal with the optimal control of these systems driven 
by the G-Levy processes with finite activity. 



Appendix 



Proof of Theorem® Let %p € C£ ([0, T] x R d ) be such that -0 > u and for a fixed 
(t, x) G [0, T] x R d we have ip(t, x) = u{t, x). 
By the ltd formula we have 



tp (t + h, x + B^_ h j — ip(t, x) = J (^s,x + B^'^j ds 

+ {D^(s,x + B t s fi ye 1 s ' c )ds+ {D^[s,x + B^rj,Bl' c dW s ) 



t+h 



t+h 



■ tr 



(0f c ) T D^ (s, 



x + Bl 



ds 



ip (s,x + B\t 



<l+6 a s z\-ip{s,x + Bl'l 



N(ds,dz), 



where N(ds, dz) is a Poisson random measure associated with N. Taking E p we get the 
following 



E 



V (t + h,x + - V(i, a;)] =: ^ P [h] + E p [/ 2 ] + E p [/ 3 ] + E p [/ 4 ] + E p [/ 5 ] 
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Note that E p [/ 3 ] = 0. Moreover, {§f + (Dip, 9^ c ) + \ tr 6 2 s < c (9 2 ' C ) T D 2 iP \{s,y) is 
uniformly Lipschitz continuous in (s,y). Note also the following estimate 

E'[|<J]<C[^ + ^. 

Combining those two results we get the following estimate (the constant C may vary 
from line to line) 



[h +h + h] 



t+h 



t+h 



dip 
ds 



■ tr 



< E- 

+ Cih 1 ' 2 + h) 
Similarly 

E p [h] = E p 



»«(e) T -D 2 *][(«,x + B;.L») 
(i, x) ds 



ds 



t+h 



tp(s,x + Bl'° + (9 s d z) -ip(s,x + B^ 8 ) N(ds, dz) 



t+h 



ip(t, 



x + B 



ip ( s, x + Bl'_ 



ds 



< 



t+h 



= < 



E p [ip (t, x + 6f)- ip(t, x)] ds + C(h + h 1/2 )h 

t+h 



[ip (t, x + z) - ip(t, x)] n g d(dz)ds + C(h + h 1/2 )h. 
Connecting those two estimates with Theorem [5] we get 



= sup E 



u(t + h, x + Bl' +h ) — u(t, x) 



< sup E p ip(t + h,x + Bl'° h )- ip(t,x) 



< sup E p 
^lt+ h 

r t+h 



[ip (t, x + z) — ip(t, x)] jjtQd (dz)ds 



9^ (erYD 2 ^ 



C(h + h^ 2 )h 



(t, x) ds 



<E ff 



t+h 

sup 

t (p,Q)eVxQ 



dip 
~ds~ 



(DiP,p) + ^tr [QQ T D 2 ^ds 



t+h 



+ / sup / [ip (t, x + z) — ip(t, x)] v{dz)ds 
Jt vevJu^ 
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C{h + h l/2 )h 



sup 

(v,p,Q)eu 



(t, x + z) ~ ip(t, x)] v(dz) 



+ C(h + h 1/2 ) \ ■ h 



Thus dividing both sides by h and going with it to 0, we see that u is the viscosity 
subsolution of the integropartial PDE in Theorem [5] By the same argument one can 
prove that u is also a supersolution. □ 

Proof of Theorem^ We will use the inductive argument. First, we prove it for n = 1, 
i.e. 



£ = </>(X tl - X to ), 0eC fc x ip (K d ). 



We need to prove that 



%(X tl - X t0 )] = sup E r U(B^ e ) 



sup 



By the construction of the sublinear expectation E[.] we know that LHS is equal to 

E[<f>(X tl -X to )]=v(t 1 -t ,0), 

where v is a unique viscosity solution of the integro-PDE[2]with initial condition v(0, x) = 
4>(x). However note that the function (t, x) H> u{T — t,x) also solves the same integro- 
PDE. Thus u(T—t, x) — v(t, x) by the uniqueness of the solution. Thus we need to show 
that 



u(T-(*i-t o ),0)= sup E p ^{Blf) 



sup E ff 



By the definition of u and Yan's commutation theorem one gets 



u(T- (ii -t ),0) = sup E p 



? T-(t!-to), 
5 T 



sup E p [E P U(B, 



e€A T-( tl -t ),T 



,T-(ti-t ), 



)|- F T-(t 1 -t ) 



E p 



ess sup E 

e<£A T-(t 1 -t ),T 



Use Lemma GO property 3 with x = to get 



u{T-(t 1 -t Q ),0) = 



ess sup E 4>(B T 



9eA T-(t 1 -t ),T 



,T-(ii-t ),6 



\J : T-(t, - 



T-(t!-t ) 



ess sup E p 



(Bl°' )\T to 



sup 
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Note however that we can also use Lemma [T2l property 3 with ( = 0, before using the 
commutation theorem and then we get 



u(T-(t 1 -t ),0)=E r 



ess sup 



sup E p 



i iK*o 



= E P 



If) 



sup E ff 



ess sup E 



(Blf) 



Thus we have proved the theorem for n = 1. 

Now assume that we have the desired representation for n — 1 . We have to prove that 



E[<j>(X tl -X t0 ,...,Xt n -X tn _ 1 )]= sup E F 



: SUp E^ 



tn-U 



where 7r = {£ , *i , ,t n }- 

By the construction of E[.] we know that LHS is equal to 

&[4>{x tl -x t0 ,...,x tn - x tn _j] = %ipr tl - Xto, . . ..x^ - x tn _ 2 )], 

where ipi(xi, . . . ,x n -x) = E[</>(xi, . . . ,x„_i, ,X tn _ 1 —Xt n _ 2 )]. Hence by substitution and 
the inductive assumption (used twice) we get 

Ety 1 (Xt 1 -X t0 ,...,X tn _ 1 -X tn _ 2 )] 



E 



E[<f>(x,X n -^n-l)]U=(X tl -X tQ ,...,X tn _ 1 -X tn _ 3 ) 



sup E p 



sup E ff 



sup E ff 
sup E p 



Mr 1 '*)" 

Mr 1 '*) 



- K '"' ».': ■ 



■ (»:■: ■■■ »: : ■ 



where ■k' = n \ {t n }. Now using Lemma [TT1 we can write the latter as 



sup E f 
9>eA u , 



ess sup E 
9eA " n _i.t„ 



■ (^r 1 ^ |j- t „_ :i 

so using Yan's commutation theorem we get the second equality in the theorem 



sup E ff 



ess sup E 



t„_i, 
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We can get the first inequality similarly. By inductive argument and Lemma [IT] we 
get that 

E[ip 1 (X tl -X ta ,...,X tn _ 1 -X tn _ 2 )] 



E 



E[(f)(x,X n --Xn-l^l^Xti-Xt,,,...,^!-^^) 



= sup W 



sup W 



sup 



ess sup 



tl 



tn-1 



Using now Lemma [T^l property 3, we get that 

esssup E^B*"*', . . . X7f Al-^)\T tn _ x \ 

= esssup E>« ' 9 ', . . . , stzr^r 1 '*)!^-!], 

and we get the first equality by combining this result with the commutation theorem. □ 

Proof of Lemma \7b\ First, we will prove that for any B G J- and any family {Xi}i<=i of 
bounded random variables one has 



esssup X, 

i£l 



= esssup^pfilu), 



(17) 



where P|b is a conditional probability on B. This property follows directly from the 
definition of essential supremum. Namely, since ess sup p {Xi : i <E 1} > Xj P-a.s. for all 
j € I one also has that 



ess sup X, 
iel 



> X 



j\B 



- a.s., j G I. 



Take now any Z such that Z > Xj\b P|s-a.s. for all j G /. Define Z' := Z\b + oo1b° 
Then of course Z' > Xj P-a.s. for all j G I. Then 



Z' > esssup 
ie/ 



Z = Z'\ B > ( esssup p X, 
iei 



\ B - a.s. 



Thus by the definition of the essential supremum we have eq. 1171 

As the next step note that the assertion above gives us the following property: if we 

have two families {Xi}i e i and {Y^}igj of bounded random variables such that Xi = Yi 

P-a.s. on B G J" for all z G I then 



esssup Xi — esssup Yi, P — a.s. on B. 

iei iei 

But this property gives nearly directly the assertion of the lemma. 
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